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Abstract 

Classical radiation power from an accelerated massive charge diverges in the 
zero-mass limit, while some general arguments suggest that strictly massless 
charge does not not radiate at all. On the other hand, the regularized classical 
radiation reaction force, though looking odd, is non-zero and finite. To clar¬ 
ify this controversy, we consider radiation problem in massless scalar quantum 
electrodynamics in the external magnetic field. In this framework, synchrotron 
radiation is found to be non-zero, finite, and essentially quantum. Its spectral 
distribution is calculated using Schwinger’s proper time technique for ab initio 
massless particle of zero spin. Provided ^ eH, the maximum in the spec¬ 
trum is shown to be at Sw = i?/3, and the average photon energy is 4i?/9. The 
normalized spectrum is universal, depending neither on E nor on E[. Quan¬ 
tum nature of radiation makes classical radiation reaction equation meaningless 
for massless charge. Our results are consistent with the view (supported by 
the renormalization group argument) that the correct classical limit of massless 
quantum electrodynamics is free theory. 

Keywords: Massless charges, massless QED, quantum synchrotron radiation, 
radiation reaction 
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1. Introduction 

Recently the problem of radiation from massless charges attracted attention 
in the framework of classical electrodynamics. It was argued that the line singu¬ 
larity of the Lienard-Wiechert potential for the massless charge forbids using the 
Green function method to compute radiation , while the conservation equa¬ 
tion for Maxwell energy-momentum tensor implies that the massless charge does 
not radiate at all Q . The similar assertion was earlier formulated by Kosyakov 
Q basing on conformal invariance of classical electrodynamics with massless 
charges (see also b|). On the other hand, a non-zero and finite expression has 
been derived [^, for the regularized radiation reaction force acting upon an 
accelerated massless charge. Finally, both these alternatives seem to disagree 
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with divergence of the classical formulas for radiation power from an accelerated 
massive charge Q in the limit of zero mass. To clarify this confusion, one is led 
to consider the radiation problem from quantum viewpoint. 

In quantum electrodynamics the limit of zero mass also has peculiar features. 
First, apart from usual infrared divergencies, there are collinear singularities, 
occurring when photon is emitted from massless legs in the Feynmann diagrams 
in the direction of the charge momentum Q . This is manifestation of degeneracy 
of states of the charge and the photon moving along the same line. Elimination 
of collinear divergences is achieved using Kinoshita-Lee-Nauenberg SEEl 
prescription to average over an ensemble of degenerate states (for review and 
further references see BP). Note that the above mentioned line singular¬ 
ities of classical retarded potentials look as classical counterparts of collinear 
singularities of quantum theory. Their regularization was proposed in i by 
imposing condition that the potentials should be defined as distributions, the 
idea reminiscent of the quantum averaging. 

Second, vacuum polarization was shown to induce screening of the massless 

[IlBIill- 


However, this screening 
exp(37r/a) [l7|, where a 


charges created in high-energy processes 
occurs at very large distances of the order L 
is the fine structure constant. It is therefore legitimate to consider processes 
whose formation length is of the order of E~^ (which turns out to be our case). 
Anyway, though peculiarities of massless QED were often interpreted as man¬ 
ifestation of inconsistencies of the theory or proof of non-existence of massless 
charges Bill, the preva iling current opinion is that massless QED is special. 


but viable theory [l^, III , Il9|. Moreover, massless QED in the external mag¬ 


netic field attracted much attention during two past decades in connection with 
prediction of the magnetic catalysis of the chiral symmetry breaking [l^l, and 


other interesting phenomena relevant to solid state physics and cosmology 211. 
These effects are associated with dynamics at low Landau levels in the magnetic 
field. Here, exploring synchrotron radiation, we will deal with high excitation 
levels. Note that, once the magnetic field is treated non-perturbatively, the 
charges are never free, so in this approach there are no collinear singularities in 
the radiation amplitudes. 

We will show that the theory predicts finite synchrotron radiation from mass¬ 
less charges at the quantum level. We will also investigate whether the zero mass 
limit of the radiation amplitudes obtained within the massive theory match with 
genuine massless ones. We find that, unlike the situation in classical theory, the 
massless limit for synchrotron radiation in quantum theory is smooth in the 
quasiclassical (high Landau levels) regime. 


2. Classical theory with quantum cut-off 

Classical formula Q for the total radiation power emitted by a massive 
charge moving with the energy E along the circle in the magnetic field H, 


_ 2e^H^ fE 
3to^ V ’Tl 
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diverges in the limit m —)> 0. To clarify the origin of this divergence let us pass 
to the spectral-angular distribution. The famous Schott formula 


°° „ 2 ,, 2 , ,2 , 
dp = y^-^^ 


cot‘^ cos9) + v^Jl {i'f]cos9) 


dQ. 


( 2 ) 


where E = raj\/\ — /3^, shows that the frequency of radiation is discrete and 
consists of the harmonics of the relativistic Larmor frequency: 

W = VIXIH, UJH = , (3) 

h/ 

and by virtue of the properties of Bessel functions, the effective domain of v 
extends to 

= (4) 

The Schott formula itself does not depend on m and admits the limit of the 
velocity of light /3 —>■ 1. But in the massless theory there will be no frequency 
cutoff (H]), and this is the reason why the total power (HD diverges in this case. 
Therefore, for the massless charge, the cutoff frequency should necessarily be 
quantum, fiwmax = E, or i/max = E'^/eH (assuming eH > 0). This quantum 
cutoff does not depend on the mass m either and nicely fits with the quantization 
rule for purely transverse motion [2^: E"^ = E^ = + eH{2n 1) ,n = 

0,1,2,... , provided both initial and final level numbers n, n' are large and 
V = n — n' n . 

Integrating ([2]) over angles and passing to continuous frequency distribution 
P = J P{uj) duj, one can show that the low frequency limit of P{uj) is also 
mass-independent: 


TT \^H / 


( 5 ) 


so we can integrate it up to Wmax = E/hio get an estimate for the total radiation 
power: 

Pent = . ( 6 ) 

This quantity is finite, but contains a factor showing that radiation is 

essentially quantum. 


3. Mass operator for m — 0 

Quantum theory of synchrotron radiation has different formulations. His¬ 
torically, the first was a direct a ppr oach making use of exact solutions of the 
wave equations in magnetic field j22| (for a more recent review see IH). Later 
on Schwinger suggested the “proper time” method to calculate the mass oper¬ 
ator of the charge in the constant field F^i, for spins s = 0, 1/2; its imaginary 
part gives the total probability rate of synchrotron radiation [2J, [23 . Further 
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ramifications of this approach allow to get spectral and spectral-angular dis¬ 
tributions of radiation |26j (for alternative constructions of the mass operator 
in constant electromagnetic field see [13, [l^)- Here we apply the technique of 
24, for zero-spin charged particle of strictly zero mass. The massless limit 


of the corresponding massive theory will be discussed in the next section. 

The action term involving the mass operator for the complex scalar field 
(j){x) is 

—-y 4>{x)M{x,x')4>{x')dxdx', (7) 

where M(x,x') in Schwinger’s operator notation reads: 


M = ie^ 




- Mn. 


( 8 ) 


Here H^ = —idfj, — eA^, denotes the constant magnetic filed, and Mq is the 
subtraction term needed to ensure vanishing of M and its first derivative with 
respect to H^ at H^ = 0. It consists of the first two Taylor expansion terms of 
M in H^ for F = dA = 0. The idea of the proper time method is to perform 
exponentiation of propagators 


1 1 
P (H - fc)2 



df = (fc - Mn)2 - u(l - M)n2 , 


(9) 


and to replace the A:-integration by averaging over the eigenstates of the operator 
canonically conjugate to [A:^, ^i,] = in the Hilbert space of a fictitious 
particle: 


M = ■ 


sds / du{n{n-k)>^e-^^-^(n-k)AO -Mo 


( 10 ) 


The quantity df is then treated as Hamiltonian of this particle and the aver¬ 
aging is performed in the Heisenberg picture passing to s-dependent operators 
fc(s), ^(s), n(s), which can be found exactly in terms of F. Performing calcu¬ 
lations and comparing the results with formulas given in |25l| fo r the massive 
theory we find that one can start with the Eq. (40) of Tsai [23 setting there 
TO = 0. The subsequent computations in use approximations of the integrals 
in terms of the Macdonald functions. These approximations become singular as 
TO —>■ 0, so we develop an alternative integration scheme. 

As in (^ . our starting formula is valid for the on shell mass operator, 
i.e. for (j){x) = 0(r)e“®^* satisfying the wave equation = 0, with discrete 
eigenvalues of the energy (we consider purely transverse motion) 


E = ^/eH{2n+l). 


( 11 ) 


It reads: 





{E^^i + 4fei7$2 + *$3/s) - 2i/ 


s 


( 12 ) 
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with 


n (1 — u)^, , u(l — m) 

$1 = 3 — 4u + ---(4 cos 2a; — 1)-- —- sin 2a;, 

A ^ ’ X l\ 

, 2u(l —uisin^x 

<I >2 = Sin 2a;---cos 2a;, 

X A 

* 1 ~ ItMsin2x,, „ 

$3 = 14-T— (2 cos 2a; — 1) H—-—r— (4 cos 2a; — 3), 

A 2a: A 

where x = eHsu, and 

A /A n 2 /a , sin 2a: 

A = (1 — uf + u(l — u) -h u 

x 

ijj = (2n + 1) [/3 — (1 — u)x ], tan f3 = ( cot x + 


c(l — u) 


( 13 ) 


This expression is valid for all Landau levels n. 

In what follows we will be interested in the case n ^ 1, when the integrals 
can be evaluated expanding all a:-dependent quantities in power series. Indeed, 
the main contribution to the integral over x comes from the region where the 
phase ^(a:, u) < 1, in which /3 for a: 1 can be approximated as 


/3 ~ (1 — u)x + u{l — u)^x^/3 , 


(14) 


~ (2n + l)ax^ = ——ax^ = —(eHE)'^u'^(l — uV , a = u(l — m)^/3 . (15) 
eti 3 

For large n, apart form the narrow regions around the limiting points of u, 

u > n~^ , 1 — u > (16) 

which a posteriori give negligible contributions, the essential domain of x is 

X < . (17) 

Therefore we use (I15|) in the exponent, expanding the other functions in powers 
of 


A-i 

~ 1 + m( 4 — 3a)a:^/3 , 

(18) 

$1 « 

(8 - 32u/3 + 13 wV3 - u^) (1 - u)x^ , 

(19) 

$2 ~ 

2(1 — u + u'^)x , 

(20) 

$3 ~ 

2 - (4 - lOw/3 + u^)x‘^ . 

(21) 


^The initial integral im m converges at the upper limit a; ^ cxd, while higher terms 
in Taylor expansion of the integrand will produce divergent quantities, what is typical for 
asymptotic series. We will keep only the leading terms giving the convergent integrals over x. 
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Using the bound (HZl and taking into account different orders of various terms 
in n, we find that the contribution of $2 will be of the order of with 

respect to the leading term $ 1 , while in $3 one has to keep only the zero order 
term. Introducing the decay rate via 


r = — — Im M , 
E 


( 22 ) 


we obtain 


r = 


AttE 


du 

'0 Jo 


X 


E^^isintf} +2 -—^(1 —cosi/j) 


(23) 


where for ip one has to use m, and for $1 — the approximation dm). Taking 
into account the table integrals 


POO 

/ sin(z^) zdz = 

Jo ^ 


r(2/3) 

2 ^ ’ 

dz y3r(2/3) 


we get 


r = 


e2r(2/3) (SeHE) 
SttVSE 


2/3 /,! 


8 - 32u/3 + 19 mV3 - 

lt2/3(l _ y)l/3 


du. 


(24) 

(25) 

(26) 


The integrand has an integrable singularity at the lower limit. Integrating, we 
finally obtain the total decay rate 


r = 


^r{2/3){3eHEf^ . 


(27) 


4. The spectral power 


To get the spectral power of radiation one has to perform Fourier expansion 
in the mass operator, leading to 


ImM = Im ( I duj f e“^ M' ^ 


(28) 


where 


pOO p 1 

M' = -ie^ sds M'^. (29) 

7o Jo 


The spectral power P{uj) is then introduced via the relation 


( 30 ) 
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so one obtains: 

P(uj) = --lui 
^ ’ E 

With this modification we find: 



(31) 




47 r E ./n s 


du 


' 2^2 


E^x 


.g-ib (24 - 56 m + 45m^ - 16m^ + Sm'^) + 


+ - 1 ) 


2i i(2 — u) d 
s s du 


J, (32) 


where the non-leading terms were omitted, and J denotes the integral over t: 

1 

27r 7_oo 


For large P, this integral is formed in the region uEt < 1, where the quadratic 
factor in the exponent has the order 


eH 1 

4s AuE^x 4(2n -|- l)ua; 


(34) 


For n ^ 1, the effective domain in the x-integral is a; < thus the whole 

factor has the order Omitting this term in the exponent, we obtain the 

delta-function 

J{u),u) K. S{oj — uE), (35) 

which is then used to integrate over u. The derivative term is evaluated by parts. 
Differentiating the phase ip, one has to take into account that the independent 
variables are (s,m), so one has to use for ip the last expression in (ITSl) giving 


2K2 3 

duiP=^^i2-3u){l-u). (36) 

3eH 

Then, denoting v = oj/E, we obtain 

( eHv \ 

P(w) = ^ J (^P^(8 — M^)(l — M)^a:sin'!/) H- — (1 — cos ip) j dx , (37) 

The integral over x is evaluated as before, and finally we get 

(3efiPP)"/' T (Sw/P) , (38) 

where the Planck’s constant is restored, and the normalized spectral function is 
introduced 

^'T(M)dM = l. (39) 
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This spectrum, shown in Fig. [1] is perfectly smooth function, whose maximum 
lies at 


fujj 


max 



(40) 


The average photon energy is 


f 4 

(fko) = E / vT{v)dv = -E. 

Jo 9 


(41) 


The total energy loss per unit time, 

P = P{u;)dco = {iehHEf^ , (42) 

differs from the estimate ([6]) only by a numerical coefficient. 

Synchrotron radiation of the massless charge is therefore purely quantum, 
its intensity being divergent when fi —^ 0. It consists of energetic quanta of the 
order of the charge energy. The spectral distribution of radiation in the leading 
order in inverse quantum number 1 /n is given by a universal formula which does 
not depend on the magnetic held at all. So even in a weak magnetic held the 
massless charge converts its energy into quanta of the same order of energy. 


5. Massless limit of the massive theory 


Transition to the massless limit in the quantum theory of synchrotron radi¬ 
ation of massive charge is subtle, since the results of the latter depend on two 
dimensionless parameters (in units h = c = 1): 


H _eH _ H E _ eHE 

Hq w? ’ ^ Hq m m? ’ 


(43) 


which both diverge as m —> 0. This is why we started by considering radiation 
in the massless theory ah initio. Now we are going to discuss the massless limit 
in some results of the massive theory which are known analytically. 

Simple closed formulas for the spectral power and the total intensit y o f 
synchrotron radiation from scalar charge exist for 77 <C 1 and arbitrary y [nisi. 


This case corresponds to transitions between Landau levels n >> 1 and n' ^ 1 
giving the dominant contribution in this case. Sub-expansions in terms of 77 were 
explored in 3l|, l32l . |33| . It was shown that for large y the leading term remains 


dominant provided x ^ V even if rj itself is not very small. Note, that the two 
parameters (031) have different orders in I/m, so that the ratio 77 /y = m/E 
tends to zero in the massless limit. Therefore, one can hope to get sensible 
results using formulas obtained in the case ry <C I. 

The total probability and the total power of radiation in the massive 77 I 
case are known to be mass-independent in the so-called ultra-quantum limit 
y > I m B Closer look reveals that they are given precisely by our formulas 


am indebted to A. V. Borisov for drawing my attention to this fact. 











(HZl) and (HU) obtained in the strictly massless theory. Thus we have proven 
that even in the case 77 —>■ oo the leading term in y of the massive theory 
remains untouched if y /?7 —>■ 00 as well. Moreover, the spectral distribution of 
synchrotron radiation in the massive quantum theory obtained for 77 <C 1 also 
tends to our universal power spectrum (1391) . Indeed, the spectral distribution 
found in [^, [s^ [ 2 ^ for 77 <C 1 and arbitrary y in our notation reads: 

2 2 poo c\ 

= X5/3(CK, y= (44) 

where 73 is the Macdonald function. In the limit 777 0 one has y —> 00 and 

7 / —>■ 0, and, using I’Hopital rule 

(45) 

we see that the spectral power (HI reduces to (15511551) indeed. Thus our calcu¬ 
lations in the preceding section prove that the standard quasiclassical approxi¬ 
mation derived in the massive theory for 77 <C 1 and any y remains valid in the 
ultra-quantum limit y ^ 1 not only for finite 77 , but also for 77 —>■ 00 , provided 
y /77 —>■ 00 as well. 

Similarly, using the results of [30| . one can perform transition to zero mass 
in the amplitudes for emission of photons with different polarizations. One finds 
that the linear polarization in the plane orthogonal to magnetic field prevails 
above the orthogonal component P^^: 

Pa = 3P. . (46) 



6. Magnetically induced m? 


In scalar massless QED it is natural to consider magnetic generation of the 
square of mass 777 ^, since just this quantity enters the Klein-Gordon equation. 
In the definition ([7|) the mass operator has dimensionality of rn ^, so its real part 
give s correction dm?. This quantity is finite for m = 0. Had we extracted (as in 
28 . ^) the linear quantity 5m instead, we would get an infinite result: since 
5m? = 2m 5m, the linear correction 5m = 5m?/{2m) diverges as 777 —>■ 0. Thus 
5m is meaningless in the massless case. 

Keeping only the leading terms in the real part of (fT2ll we find: 


5m^ = ReM = — 
An 


dx /' , ^ , eHu 

du — I cos Tg 4>i -I- 2 sm 7/7 


'0 


70 


X 


X 


Using the integrals 


nOO 

/ cos(z^) zdz =-T (2/3) 

Jo 6 

f sin(z3)((f = ir(2/3) , 

Jo Z L 


(47) 

(48) 

(49) 
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we obtain: 



,2 


^ 8-32w/3+19uV3-3m3 4e2r(2/3) 

m2/3(1-u)i/3 


(?>eHEf/^ . (50) 


This expression, non-perturbative in H, is valid for any H, provided E'^ ^ eiJ. 

7. Stochastic nature of radiation reaction force 

Recently radiation reaction problem for massless charge attracted some at¬ 
tention. In 0 the closed formula for classical reaction force was derived includ¬ 
ing three divergent terms. Comparing these results with those known in the 
massive case, one notices several strange features. First, there is no intrinsic 
parameters which could absorb divergencies, like mass in the massive theory, 
while the number of divergent terms is increased from one to three. Second, 
there are divergent terms of non-lagrangian nature which can not be incorpo¬ 
rated into the action. Third, the finite part of the reaction force contains quite 
a high derivative (fifth), and no examples are known to compare it with the 
radiation power. Finally, the reaction force can not be obtained from the finite 
Dirac-Lorentz force known in the massive case since the latter diverges in the 
limit of zero mass. 

The formal result of @ was confirmed in Q using different regularization, 
but the conclusion of Q was that the reaction force has no physical meaning, 
since massless charge does not radiate at all. As we have shown here, the 
massless charge does radiate and the radiation power is finite. However, it is 
essentially quantum and the average energy of the photons is of the order of the 
particle energy. The reaction force is therefore stochastic, and consequently, the 
classical Lorenz-Dirac type equation derived in Q is meaningless indeed. 

Moreover, although the stochastic nature of the radiation recoil is already 
enough to preclude any classical radiation reaction equation, in the theory of 
synchrotron radiation of massive charges there also exists a much stronger re¬ 
striction on the validity of such an equation, known as the Ei/^ bound [22|. 
The reason is that the quantum states of the charge in the magnetic field for 
the transverse motion depend on two quantum numbers, the second one being 
responsible for location of the center of the orbit [i^. Quantum fluctuations 
due to excitation of the orbit center start at much lower energies than quantum 
recoil comes into play. Namely, for 77 <C 1, 



(51) 


so Afluct ^ Arecoii- Classical description of radiation reaction is valid for E <C 
Ei^^. Now, for massless particles = 0, so classical radiation reaction is 
twice meaningless. 
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8. Discussion 


We have shown that quantum scalar electrodynamics in the external mag¬ 
netic field unambiguously predicts finite synchrotron radiation in the form of 
emission of hard photons with energy of the order of the particle energy. We 
have found this first using the strictly massless theory, and then considering 
the zero-mass limit of the massive theory. Both give the same results for the 
total probability, the total radiation power and the spectral distribution of ra¬ 
diation, provided ^ eH, i.e. for high Landau excitation levels. This is in 
sharp contrast with the situation in classical theory, where there is no smooth 
transition from massive to massless theory: radiation should be absent in mass¬ 
less theory in view of conformal invariance Q and conservation equations Q, 
though the radiation power of the massive theory diverges in the to —> 0 limit. 
These two features do not contradict each other, however. Indeed, it was argued 
long ago that in the massless theory the renormalization group flow has stable 
infrared point corresponding to vanishing charge 3^. So, from the point of 


view of the quantum theory, correct massless classical electrodynamics must be 
non-interacting. 

The normalized spectrum of photons emitted by the massless charge in the 
magnetic field does not depend on any parameter. Thus, even in a very small 
magnetic field like that of the Earth, massless charges of the energy satisfying 
E'^ ^ eE[ will emit photons with energies of the same order. Also, since we 
have shown that the limit to zero mass in the massive theory is smooth, our 
universal spectrum (Ei) has not only academic interest, but also applies to 
massive particles with energies E/m ^ 77 “^ for any rj. 

Another interesting prediction following from our calculations is magnetic 
generation of the square of mass in the linear order in a. This was obtained 
taking the real part of the mass operator, and also can be derived via dispersion 
relation from the synchrotron radiation rate. 

We have considered here only the quasiclassical case n 1. Note that 
in Schwinger approach summation over the finite quantum numbers n' is per¬ 
formed automatically, so in the leading in 1 /n approximation our results are not 
restricted by the condition v = n — n' <^n. For low initial Landau levels n the 
problem must be treated numerically. Partially, the results may be extracted 
from the existing numerical calculations performed in the massive theory (see 
and references therein). 
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Figure 1: The universal normalized spectral distribution T (v) (|38ll of synchrotron 
radiation from massless scalar charge with the energy E satisfying ^ eH versus 
V = hw/E. The curve has maximum at u = 1/3, the average photon energy hw = AEjQ. 
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